To provide a deeper insight of the transport phenomena inherent to the manufacturing of magnetic nano-polymer materials, in the present work a mathematical model is developed for time-dependent hydromagnetic rheological nanopolymer boundary layer flow and heat transfer over a stretching sheet in the presence of a transverse static magnetic field. Joule heating (Ohmic dissipation) and viscous heating effects are included since these phenomena arise frequently in magnetic materials processing. Stokes' couple stress model is deployed to simulate non-Newtonian microstructural characteristics. The Tiwari-Das nanoscale model is adopted which permits different nanoparticles to be simulated (in this article, both copper-water and aluminium oxide-water nanofluids are considered). Similarity transformations are utilized to convert the governing partial differential conservation equations into a system of coupled, non-linear ordinary differential equations with appropriate wall and free stream boundary conditions. The shooting technique is used to solve the reduced non-linear coupled ordinary differential boundary value problem via MATLAB symbolic software. Validation with published results from the literature is included for the special cases of non-dissipative and Newtonian nanofluid flows. Fluid velocity and temperature profiles for both copper and aluminium oxide (Al 2 O 3 ) nanofluids are observed to be enhanced with greater non-Newtonian couple stress parameter and magnetic parameter, whereas the opposite trend is computed with greater values of unsteadiness parameter. The boundary layer flow is accelerated with increasing buoyancy parameter, elastic sheet stretching parameter and convection parameter. Temperatures are generally increased with greater couple stress rheological parameter and are consistently higher for the aluminium oxide nanoparticle case. Temperatures are also boosted with magnetic parameter and exhibit an overshoot near the wall when magnetic parameter exceeds unity (magnetic force exceeds viscous force). A decrease in temperatures is induced with increasing sheet stretching parameter. Increasing Eckert number elevates temperatures considerably. With greater nanoparticle volume fraction, both skin friction and Nusselt number are elevated, and copper nanoparticles achieve higher magnitudes than aluminium oxide.
Introduction
Nano-polymer materials are finding ever-increasing applications in coating systems for medical and industrial systems. Nano-polymers belong to the group of nanotechnological materials known as 'nanofluids' which were introduced by Choi and Eastman 1 in the 1990s. They were designed by suspending nanoscale particles in the base fluid to enhance the heat transfer efficiency of engineering fluids. 2 The addition of small 1 fractions of nanoparticles (copper, copper oxide, aluminium oxide, silver, etc.) has been shown to significantly enhance the thermal conductivity. 3 Water-based polymeric nanofluids have been extensively studied in recent years both with metallic 4 and non-metallic nanoparticles. 5 Aluminium oxide (Al 2 O 3 ) is the most widely used nanoparticle, and it can be acquired in sizes as low as 40 nm. Furthermore, several investigators have used aluminium oxide nanoparticles in, for example, the socalled 'top-down' approach of microfabrication methods and micro-patterning techniques (e.g. photolithography and inkjet printing) in gear manufacturing surface treatment and so on. Similarly, Copper (Cu) nanoparticles are also remarkable due to the inherent high thermal and electrical conductivities. It ensures multifunctional assets with applications such as frictional brake components, electrode materials and industrial spot welding. The thermal conductivity of Cu is 401 W/mK, and it is therefore frequently deployed to achieve significant elevation in thermal conductivity of base fluids. Further details concerning the synthesis, selection and implementation of Al 2 O 3 and Cu nanoparticles in industrial systems are documented in literature. [6] [7] [8] Another subgroup of nanofluids known as magnetic nano-polymers has also emerged in recent years. Such nanoscale 'smart' materials feature polymer base fluids doped with magnetic nanoparticles, and during manufacture (and in operation), their material characteristics can be successfully manipulated by magnetic fields and also heat (thermal treatment). These materials offer significant advantages in numerous areas of technology, including dampers for aerospace and earthquake protection, cooling, lubrication, anti-corrosion resistance and anti-abrasive solar collector film coatings. Examples of magnetic nanofluids include waterbased thixotropic polymer gel electrolytes, 9 magnetic water-soluble cyano-bridged metallic nano-polymers 10 and organo-metallic nano functional copolymers (utilizing combinations of high aluminium concentrations, aqueous solution and nano chelating resins). 11 A number of studies describing the benefits of magnetic nanopolymers have been communicated in diverse areas including energy 12 in which they can be exploited for working fluids, coatings, heat dissipation, tribology and so on. Magnetic nanoparticles have been shown experimentally to achieve thermal conductivity enhancement via magnetic-field-induced chain-like nanoparticles aggregation. 13 With judicious selection of externally applied magnetic field, it has been found that significant improvement in heat transfer characteristics is attained with magnetized nanofluids since they modify nanolayer conductivity 14 and this can be optimized with careful specification of the nanoparticle type (e.g. metallic, graphene) 15 and size. Techniques for producing stable, durable and efficient magnetic nanofluids have been described in Muthukumaran et al. 16 Mathematical models of magnetic nanofluid transport combine the science of magnetohydrodynamics (MHDs) with nanoscale behaviour. The electrically conducting nature of magnetic nanofluids allow the simultaneous advantages of flow control and thermal enhancement. Magnetic nanomaterial thermal flow simulation was described in detailed by Uddin et al. 17 using the Buongiorno nanoscale model, which highlights Brownian diffusion and thermophoresis. Further details of magnetic phenomena associated with the performance of magnetite nanofluids have been provided by Dekker 18 and Bao et al. 19 Another important characteristic of magnetic nanofluids is non-Newtonian behaviour. The presence of nanoparticles has been found to achieve greater stability of viscosity at higher temperature, which is associated with the rheology of magnetic nano-polymers. 20 Magneto-rheological nano-polymers can be deployed in many diverse applications, including petroleum drilling, smart actuation systems, optics finishing, fluid clutches and aerospace sealing. Iron-Nickel magnetic nanopolymer fluids have been studied in detail by Katiyar et al. 21 who observed significant improvement in viscosity control via nanoparticle doping and magnetic field application and a resulting significant enhancement in yield stress. Other interesting studies of rheology of magnetic nanofluids and nano-polymers have been presented by Sharma et al. 22 who considered viscoplastic characteristics of silica-nanoparticle-based nanopolymers (using Bingham plastic and Herschel-Bulkley models), and Hojjat et al. 23 who explored pseudoplastic (shear thinning) behaviour associated with titanium oxide magnetic nano-polymers. Viscoelastic characteristics of electro-conductive nano-polymers were described by Yang et al. 24 Tribological and viscosity improvements in zinc and copper-oxide nano-doped viscoplastic nanofluids were experimentally confirmed by Be´g et al. 25 Very recently, Be´g et al. 26 investigated numerically the viscosity modification via nanoparticle volume fraction tuning in nano-polymer rheological coatings for solar applications.
From a materials processing perspective, the analysis of the flow driven by a stretching surface is of fundamental importance. It features in glass crystal growing, continuous stretching, fibre drawing and artificial fibres, rolling and manufacturing of plastic film, plastic extrusion, drawing of copper wires, cooling of an infinite metallic sheet, annealing and tinning of copper wires, coating of components and so on. Analytical studies of the flow of viscous (Newtonian) fluid along a continuous moving sheet were initiated in the context of polymer materials processing by Sakiadis. 27 Rajagopal et al. 28 extended the Sakiadis model to consider viscoelastic rheological fluids. Khan 33 analysed the hydromagnetic flow from a permeable stretching sheet by considering two different hybrid nanoparticles. They concluded that heat transfer rate of Cu-Al 2 O 3 -water nanofluid is higher than Cuwater nanofluid. In many stretching flows, transient behaviour is induced due to a sudden stretching of the flat sheet. This arises in, for example, the flow from an impulsive stretching of the sheet or the flow induced by a step change of the temperature. When the surface is stretched suddenly with a definite velocity, the flow is developed instantaneously. An important investigation of transient stretching flows has been conducted by Wang et al. 34 for non-conducting Newtonian fluids. Tarakaramu and Narayana 35 studied the similar transient flow problem for three distinct water-based nanofluids with MHD and chemical reaction effects. Recently, Hussanan et al. 36 analysed the nonNewtonian micropolar fluid convection from a stretching sheet with magnetite nanoparticles.
The rheological models considered above have ignored microstructure. The classical non-Newtonian models (viscoplastic, viscoelastic, thixotropic, etc.) are non-polar and cannot properly simulate suspended particles. They have therefore limited relevance to nanofluid dynamics. Among non-Newtonian fluids, the Stokes couple stress fluid 37 provides an elegant framework for microstructural polymer flows. Couple stresses appear in noticeable magnitudes in liquids with very large molecules such as polymer solutions, slurries, nano-lubricants, coolants, propellants and biological liquids. Couple stress flows have been simulated by a number of researchers. Khan et al. 38 obtained computational solutions for couple stress thermal convection boundary layer flow on a stretching sheet for both prescribed surface temperature and prescribed heat flux cases with a fourth-order Runge-Kutta method. Ramana Murthy et al. 39 used a homotopy method to analyse the entropy generation in couple stress channel flows with convection and radiation heat transfer. Hayat et al. 40 investigated numerically the reactive couple stress flow with heat and mass transfer from a stretching surface. Tripathi et al. 41 studied the peristaltic pumping of electro-kinetic couple stress fluids in microchannel configurations. These studies all confirmed the significant modification to flow and thermal characteristics induced by couple stresses. In recent years, some interest in couple stress nanofluid mechanics has also emerged, primarily in terms of numerical simulation. These studies have considered both non-magnetic and magnetic nanofluids. Awais et al. 42 employed an optimal homotopy method to compute the magnetic couple stress nanofluid flow over a moving convective wall. Makinde and Eegunjobi 43 analysed the impact of thermal radiation on entropy generation in couple stress magnetic nanofluid flow in a channel with wall suction/injection effects. Awad et al. 44 used a spectral relaxation method to consider time-dependent couple stress nanofluid flow from a stretching sheet with passive control of the nanoparticle volume fraction at the boundary. Chand et al. 45 conducted a linear stability analysis for the onset of convection of rotating couple stress nanofluid in a porous medium using the Buongiorno nanoscale model. Rehman et al. 46 studied boundary layer stagnationpoint flow and heat transfer of couple stress nanofluid flow over an exponentially stretching surface in a porous medium.
In the present work, a theoretical and numerical study of the unsteady convective flow of a couple stress magnetic nanofluid (water-based magnetic nano-polymer) from a stretching surface is considered. Two kinds of nanoparticles, that is, copper (Cu) and alumina (Al 2 O 3 ), over an industrial scale lead to more dimensional stability, are more ecologically friendly and can be successfully well dispersed in the base fluids. The thermal conductivity of these nanoparticles is much higher than the base fluids, and nanofluids prepared with these particles are known to achieve excellent thermal enhancement. Both viscous and Joule heating (Ohmic dissipation) are included. Ohmic dissipation has been shown to be significant in magnetic polymer materials processing as elaborated earlier in Shamshuddin et al., 47 Sahoo 48 and Zueco et al. 49 It has also been considered more recently in electromagnetic nanofluids as described by Tripathi et al., 50 Ghadikolaei et al., 51 Hussain et al., 52 Shagaiya et al. 53 and Nandkeolyar et al. 54 The Tiwari-Das 55 nanoscale volume fraction model is adopted, which permits different nanoparticles to be simulated (in this article, both copper-water and aluminium oxide-water nanofluids are considered). Transient stretching of the sheet is considered. 56 Computational solutions are obtained for the non-linear dimensionless boundary value problem (BVP) using a shooting technique via MATLAB symbolic software. 57 Validation with published results from the literature is included for the special cases of non-dissipative and Newtonian nanofluid flows. Extensive visualization of velocity, temperature skin friction and Nusselt number distributions are presented. The present work aims to provide a deeper insight into the thermo-fluid characteristics of rheological magnetic nanomaterials processing and has not been reported thus far in the technical literature.
Mathematical formulation
Time-dependent, two-dimensional, laminar, incompressible couple stress magnetic nano-polymer flow and thermal convection heat transfer from a stretching sheet are considered, as depicted in Figure 1 . At the outset, that is, t = 0, the sheet is impulsively stretched with velocity U w (x, t) along the upward x-axis, keeping the origin fixed in the magnetic nanofluid which has a free stream temperature, T ' . The temperature of the sheet T w (x, t) is assumed to be a linear function of the x-coordinate. A transverse static magnetic field (B 0 ) is applied. Viscous dissipation and Joule heating (Ohmic dissipation) are incorporated. A fixed Cartesian coordinate scheme is adopted with the origin positioned at the foremost verge of the sheet (slit where the sheet emerges) with the positive x-axis extending along the upward direction of sheet and the y-axis orientated normal to the surface of the sheet. Under these assumptions (with the boundary layer and Boussinesq approximations), the governing equations for the mass, momentum and energy conservation in mixed convective flow and heat transfer of the couple stress magnetic nanofluid, obtained by the inclusion of couple stress and magnetic body force terms, are
The associated boundary conditions at the wall (sheet) and in the free stream are given by
We assume that the sheet stretching velocity U w (x, t) and the surface temperature T w (x, t) are of the form
where s nf is the effective electrical conductivity of nanofluid, r nf is the effective density, m nf is the effective dynamic viscosity, (rC p ) nf is the heat capacitance and k nf is the thermal conductivity of the nanofluid. These physical quantities are based on the Tiwari-Das nanoscale volume fraction model 55 and are mathematically described by The model deployed for the effective thermal conductivity of the nanofluid is the Hamilton-Crosser model, 14 which is incorporated in the Tiwari-Das formulation
where k s and k f represent the conductivities of the nanoparticles and base fluid (Newtonian fluid), m designates the nanoparticle shape factor and f is the nanoparticle volume fraction. Values of thermophysical properties [58] [59] [60] for the base fluid (Newtonian fluid) and different nanoparticles obtained with the Tiwari-Das model are summarized in Table 1 .
Progressing with the analysis, let us introduce the following dimensionless stream function, f; temperature function, u; and similarity variable, h
Here, c(x, y, t) is the dimensional stream function defined as (u, v) = ∂c ∂y , À ∂c ∂x which identically satisfies the continuity (mass conservation) equation (1) . Substituting equation (12) into equations (2) and (3), we obtain the reduced self-similar momentum and energy conservation equations
Here, prime denotes differentiation with respect to h, b = ah 1 =y 2 r f (1 À ct) is the couple stress (nonNewtonian) parameter, A = c=a is the unsteadiness parameter, Pr = y=a f is the Prandtl number,
) is the Eckert number and l = Gr=Re 2 is the buoyancy parameter (where
3 )=y 2 denotes the local Grashof number and Re = U w x=y denotes the local Reynolds number). Here, l is dimensionless constant with l \ 0 and l . 0 associated, respectively, with opposing flow and assisting flow cases, whereas l = 0 relates to the forced convection flow situation (vanishing buoyancy force). The values of K 1 , K 2 , K 3 , K 4 and B 1 featured in equations (13) and (14) are defined as
The boundary conditions transform to
The local skin-friction coefficient C f and local Nusselt number Nu are important wall gradient characteristics associated with thermal rheological materials processing. They are defined as follows. The surface shear stress t w is given by
Using similarity transformation from equation (12), the shear stress t w becomes
The local skin-friction coefficient C f is given by
The Nusselt number is defined as follows Table1. Thermophysical properties of base fluids and nanoparticles. 
Numerical solution and validation
The governing non-linear coupled BVP defined by equations (13) and (14), and subjected to boundary conditions defined by equation (16), has been solved numerically via a shooting method 57 with the aid of fourth-order Runge-Kutta algorithm. The step size is taken as Dh = 0:1 and the convergence criteria is set to 10 À6 . The methodology is as follows. Using the notation f = y 1 and u = y 6 , let f 0 = y 
The corresponding boundary conditions assume the form 
In order to integrate equations (21a)-(21d) with boundary conditions (equation (22)), the values of y 3 0 ð Þ = f 00 (0), y 5 0 ð Þ = f 0000 (0) and y 7 (0) = u 0 (0) are required, but no such values are available in the boundary conditions. The suitable guess values for f 00 (0), f 0000 (0) and u 0 (0) are chosen, and then the numerical integration is performed. Thereafter, the accuracy of the assumed missing initial condition is checked by comparing the calculated value of the dependent variable at the terminal point with its given value there. If a difference exists, the improved values of the missing initial conditions must be obtained and the process is repeated. Numerical solution of the problem is executed in the symbolic code, MATLAB. In order to validate the present solution of the problem and confirm accuracy, the shooting method solutions are compared with existing results from the literature for some special cases. A good agreement between the present and previous solution is achieved in Table 2 for the selected case of Ahmad et al. 62 (A = 0, Pr = 6:2, l = 0, b = 0, Ec = 0, M = 0), that is, in the absence of stretching, zero convection parameter, Newtonian flow with no viscous or Ohmic dissipation. Furthermore, the present shooting method solutions are also compared in Table 3 with the earlier Newtonian results (b = 0) of Ishak Nazar and Pop 61 when the buoyancy term lu in equation (13) is absent and A = 0 (steadystate flow) with Pr = 1.0. Again, excellent correlation is attained which confirms the validity of the shooting method computations. Figures 2-11 . Nanoparticle volume fraction effect is explicitly studied in the skin friction and Nusselt number plots ( Figure  12 ). The thermophysical properties of water and nanoparticles, Cu and Al 2 O 3 , are shown in Table 1 . Figure 2(a) and (b) indicates that the velocity is markedly modified by the couple stress rheological parameter b for both cases. From these graphs, the velocity upsurges is seen near the sheet for increasing in b values. This is due to the reduction in contribution of couple stresses in the nano-polymer which generally accelerates the flow closer to the wall in the boundary layer transverse to the sheet. However, further from the wall, this trend is reversed. For couple stress fluids, the shear stress tensor is not symmetric (unlike with Newtonian fluids where it is symmetric). The body couples in the fluid now contribute to encouraging motion which leads to a thinning of the momentum boundary layer. As b ! N, the properties of couple stress in the fluid vanish and the nano-polymer assumes Newtonian behaviour. Weaker couple stress effect is therefore less inhibitive to the boundary layer. This has been demonstrated in numerous studies, including Cowin 63 and Tripathi et al. 64 It is further of note that higher velocities are attained for the aluminium oxide nanoparticle case (Figure 2(b) ) compared with the copper nanoparticle case (Figure 2(a) ). Figure 3 (a) and (b) depicts the influence of magnetic parameter, M, on velocity distributions. With increasing M, the flow is accelerated throughout the boundary layer transverse to the sheet. This is the contrary response to conventional MHD boundary layers. The stretching of the sheet results in the magnetic field being dragged in the free stream direction which effectively decelerates rather than accelerates the flow. The momentum boundary layer is therefore reduced in thickness with greater magnetic field parameter, as noted by Zueco et al. 49 The enhancement in velocity is noticeably greater for the case of copper nanoparticles compared with aluminium oxide nanoparticles. Evidently, magnetic field induces significant alteration in the shear characteristics of magnetic nano-polymers leading to acceleration in the boundary layer flow for both types of nanoparticles. Figure 4 (a) and (b) portrays the impact of unsteadiness parameter, A, on velocity through the boundary layer. The parameter, A, describes the unsteadiness in the stretching sheet flow. Inspection of Figure 3 (a) reveals that velocity exhibits a decreasing trend with amplified values of A. This is owing to the fact that A is inversely proportional to the stretching coefficient a. Thus, elevation in values of A decreases the stretching ratio. As a consequence of this, the momentum boundary layer thickness is increased. However, reverse flow is never induced in the boundary layer as testified by consistently positive values of the velocity for any value of the unsteadiness parameter, A: Similar observations have been made by Wang et al. 34 for Newtonian fluids and Ferdows et al. 56 for magnetic nanofluids. Figure 5(a) and (b) , respectively, depicts the variation of convection parameter l on velocity curves. The influence of increasing values of l is to escalate the velocity and therefore to deplete the momentum boundary layer thickness in the magnetic nanofluid. Physically, l . 0 signifies assisting flow (heating of the fluid), l \ 0 reveals opposing flow (cooling of the fluid) and l = 0 implies forced convection flow (absence of free convection currents). Also, it is noted that initially assisting flow (l = À 0:1) dominates the opposing flow. Irrespective of the values of l, the curves are consistently monotonic decays from the wall to the free stream. Figure 6 (a) and (b) illustrates the impact of Ec on flow-field velocity profiles. An augmenting value of Ec the velocity increases. Although conventionally viscous heating results in flow deceleration and conversion of mechanical energy to heat, the convection parameter (l) reverses this process. Profiles of velocity are also morphed from strongly parabolic decays to a more linear distribution. Copper nanoparticles are associated with significantly lower velocities (thicker momentum boundary layer), whereas the aluminium oxide nanoparticles produce higher velocities (thinner momentum boundary layer), irrespective of the value of the Eckert number. It is evident that a rise in b values corresponds to an increase in temperature. In other words, as the magnetic nanofluid behaviour approaches Newtonian behaviour, temperatures are greater and thermal boundary layer thickness is enhanced. The couple stress effect does not arise in the thermal boundary layer (equation (14)). However, via coupling with the momentum equation (equation (13)) through the buoyancy term, lu, and the convective terms in the energy equation (equation (14)), that is, + fu 0 À uf 0 , a strong effect is induced in the thermal field. Also, it is noticed that behaviour of the Al 2 O 3 temperature profile is most pronounced at some distance from the sheet, that is, towards the free stream as compared to temperature magnitudes computed for the copper nanoparticle case. increases, there is considerable elevation in magnitudes of the temperature profiles for both the nanoparticle (Cu and Al 2 O 3 ) upsurges. Additional work has to be performed to drag the magnetic nanofluid against the action of the transverse magnetic field. This supplementary work is dissipated as thermal energy and this heats the boundary layer. Furthermore, there is an additional effect of Ohmic dissipation as simulated via the term, (1=K 3 )B 1 MEcf 0 2 , in the energy conservation equation
Results and discussion
(equation (14)). This further amplifies the quantity of kinetic energy dissipated as thermal energy in the regime. Thermal boundary layer thickness is therefore substantially increased with stronger magnetic field, that is, greater values of magnetic parameter. The topology of profiles is also significantly different for the copper and aluminium oxide nanoparticle cases. Very steep descents from the wall to the free stream are computed for the copper case, with a temperature shoot arising in close proximity to the wall only when magnetic parameter exceeds unity (M . 1.0). However, in the aluminium oxide case, inverted parabolas are generated for M . 1, and a more consistent temperature distribution is attained across the boundary layer transverse to the wall. Furthermore, significantly higher peak temperature is computed for the aluminium oxide nanoparticle case. Evidently, the magnetic field is a critical parameter contributing to control of temperatures in the magnetic nanofluid. Figure 9 (a) and (b) portrays the impact of sheet stretching parameter, A, on temperature evolution through the boundary layer. Significantly, higher thermal boundary layer thickness is computed for aluminium oxide relative to copper nanoparticles over the same increment in values of A. Temperature profiles for copper nanoparticles follow a similar trend to that of velocity. Increasing stretching parameter A generally depletes temperature. Since the fluid flow is initiated by stretching of the sheet, temperature reduces with Figure 10 (a) and (b) presents the impact of convective parameter, l, on temperature profiles. As l augments this generates a decrease in the temperatures. This leads to a reduction in the thermal boundary layer thickness. A more even distribution of temperature is achieved across the boundary layer for the aluminium oxide case, and furthermore, much higher temperatures are produced. For the buoyancyopposing case (l \ 0), the maximum temperatures are computed for both nanoparticles. For the buoyancyassisted flow scenario (l . 0), the minimum temperatures are observed. The case of l = 0, that is, pure forced convection flow falls between the other two scenarios. Figure 11 (a) and (b) describes the influence of Ec on temperature profiles. u(h) profiles show increasing trend for augmenting values of Ec. With increasing Eckert number, there is greater conversion of kinetic energy to thermal energy. This results in heating of the magnetic nanofluid and a thickening in thermal boundary layer thickness. The results indicate that neglection of viscous dissipation in magnetic nanomaterials processing results in underprediction of actual temperatures, which in turn will lead to erroneous results for heat transfer rates at the wall. Again, notably higher temperatures are computed for the aluminium oxide nanoparticle case compared with the copper case. Figure 12 (a) and (b) presents, respectively, the distributions for skin friction and Nusselt number with nanoparticle volume fraction (u) for both copper and aluminium oxide nanoparticles. A distinct elevation in both skin friction and Nusselt number accompanies an increase in nanoparticle volume fraction. Increased doping of the water-based polymer with metallic nanoparticles therefore induces both flow acceleration and enhanced removal of heat from the fluid to the wall. These are both desirable in materials processing operations. Significantly, the copper nanoparticle case produces higher Nusselt numbers for any magnitude of volume fraction, and this is associated with the enhanced thermal conductivity of copper, which removes heat faster from the boundary layer to the wall.
Conclusion
A theoretical study of a mathematical model unsteady rheological magnetic nano-polymer boundary layer flow and heat transfer over a vertical stretching sheet in the presence of a transverse static magnetic field with buoyancy, Joule heating (Ohmic dissipation) and viscous heating effects is presented. Stokes' couple stress model has been employed to simulate non-Newtonian microstructural characteristics. The Tiwari-Das nanoscale model has been utilized to analyse different nanoparticles (copper-water and aluminium oxide-water nanofluids). The normalized momentum and energy boundary layer equations are solved subject to appropriate wall and free stream boundary conditions with a shooting technique in MATLAB symbolic software. Validation of the shooting solutions with published results from the literature is included. The computations show the following:
1. Fluid velocity and temperature profiles for both copper and aluminium oxide (Al 2 O 3 ) nanofluids are enhanced with greater non-Newtonian couple stress parameter and magnetic parameter, whereas the opposite trend is computed with greater values of unsteadiness parameter. 2. Temperatures are also boosted with magnetic parameter and exhibit an overshoot near the wall when magnetic parameter exceeds unity (magnetic force exceeds viscous force). 3. Velocities are elevated with increasing buoyancy parameter, elastic sheet stretching parameter and convection parameter, and momentum boundary layer thickness is reduced. 4. Temperatures are generally increased with greater couple stress rheological parameter and are consistently higher for the aluminium oxide nanoparticle case. 5. Temperatures (and thermal boundary layer thickness) are depleted with increasing sheet stretching parameter, whereas they are markedly elevated with increasing Eckert number. 6. With increasing nanoparticle volume fraction, both skin friction and Nusselt number are elevated, and copper nanoparticles achieve higher magnitudes than aluminium oxide.
The present work has shown that simulations of magnetic nano-polymer processing are improved with the inclusion of dissipative (viscous and Ohmic) effects. Future studies will examine alternate nanoscale models (e.g. Buongiorno's model) and will also consider Brownian diffusion and thermophoresis effects in nano-polymer processing.
